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We employed density-functional theory using a scalar-relativistic approach to perform self-consistent elec-
tronic structure calculations for the heavy element radium in the fcc, bcc, hcp, and sc structures. Our calcula-
tions using the linearized augmented plane wave method in the generalized gradient approximation with a
sufficiently dense k-point mesh predicted the bcc as the ground-state structure and equilibrium lattice parameter
in excellent agreement with experiment, whereas the local density approximation found the incorrect ground-
state structure and underestimated the equilibrium lattice parameter. We also calculated the elastic constants
and related moduli in order to explore the mechanical properties of radium. We further investigated the density
of states and band structure of both bcc and fcc radium, at ambient conditions, in the expanded lattice, and
under high pressure, and found results similar to those found for other alkaline earth metals with the corre-
sponding structures as their ground states. Additionally, we used our total-energy and enthalpy results to predict
a phase transition from bcc to fcc at a pressure of about 2.0 GPa. We then employed McMillan’s theory of
superconductivity, discovering increased superconducting temperatures for both structures under pressure and
a superconductivity transition temperature of about 10 K for the fcc structure under a pressure of 16.9 GPa. We
also present results in which we included spin-orbit interactions, which show small effects.
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I. INTRODUCTION

Despite its unique and interesting properties, radium, the
heaviest of the alkaline earth metals, has remained a rela-
tively unstudied element throughout the years, at least inso-
far as its electronic structure and related properties are con-
cerned. This relative lack of exploration of the electronic
properties of radium can be attributed, in the experimental
sense, to its scarcity, its radioactivity, and its tendency to
oxidize quickly upon exposure to air. However, nor has any
theoretical research hitherto been conducted regarding the
electronic structure and related properties of Radium. We
suspect that this results from the softness of the material,
causing extremely small differences in volume variations of
the total energy, which render the convergence of self-
consistent calculations difficult. Indeed, the first two columns
of the Periodic Table, where the energy differences between
different volumes are very small, have been known to cause
difficulties for density-functional theory �DFT�. Therefore,
successful results from DFT calculations for radium repre-
sent an expanded use of DFT for both very soft materials and
materials with high atomic numbers, thereby making DFT, in
the way that we have employed it, a powerful tool applicable
across the Periodic Table. Furthermore, the predicted super-
conducting properties represent a test and an application of
McMillan’s theory of superconductivity, where the electron-
phonon interaction is the accepted mechanism. They also
represent progress on a significant question that has been of
interest to scientists since the discovery of superconductivity:
can materials that are not known to superconduct under am-
bient conditions be turned into superconductors by the appli-
cation of pressure, and at what temperature. We employed
the DFT of Hohenberg-Kohn-Sham.1,2 In this paper, we re-
port the results of the first set of band structure calculations
using the augmented-plane-wave �APW� method both in its

muffin-tin �MT� approximation and its full-potential linear-
ized �LAPW� forms. Most of our calculations followed the
scalar-relativistic approach; that is, in solving the
Schrödinger equation we included the mass-velocity and
Darwin relativistic corrections, but we neglected the spin-
orbit coupling for the valence states. We performed addi-
tional calculations including the spin-orbit and found small
differences. We originally employed the local-density ap-
proximation �LDA�, but then opted to use the generalized
gradient approximation �GGA� �Ref. 3� for treating exchange
and correlation in order to obtain more accurate results for
equilibrium lattice parameters. Specifically, we present cal-
culations of the total energy as a function of volume for the
bcc, fcc, hcp, and sc structures. These calculations allowed
us to determine the ground state to correspond to the bcc
lattice and the equilibrium lattice parameter in very good
agreement with the measured value. In addition, we predict
values for the elastic constants and present diagrams for the
energy bands and density of states �DOS�. We used our den-
sities of states and their angular momentum components at
the Fermi level to determine the electron-phonon interaction
and make predictions of possible superconductivity occur-
ring under high pressures. Also, from our enthalpy calcula-
tions we predict a phase transition from bcc to fcc. This
study, to the best of our knowledge, is the first set of elec-
tronic structure calculations for radium.

II. THEORY AND COMPUTATIONAL DETAILS

A. Total energies

Full-potential self-consistent scalar relativistic LAPW
total-energy calculations4,5 were performed for radium to de-
termine the relationships between energy, pressure, and vol-
ume. In our calculations, the core states were treated as fully
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relativistic while the 6p and 7s states were treated as semi-
relativistic. We used the LDA version of Hedin-Lundqvist6

as well as the Perdew-Wang GGA �Ref. 3� approach for ap-
proximating exchange and correlation. In the LAPW calcu-
lations, the total energies were iterated to self-consistency
until they differed by less than 10−5 Ry. A muffin-tin sphere
of radius 3.4 a.u. was used for all structures and lattice con-
stants in the LDA and GGA total-energy calculations. Once
converged, the 6p semicore charge density contained less
than 0.02 electrons outside the MT sphere. The RKmax value,
in which R is the radius of the muffin-tin sphere and Kmax is
the reciprocal-lattice vector cutoff, was originally maintained
at 8.5 for all structures and volumes, corresponding to a di-
mension of about 100 in solving the secular equation. RKmax
was then increased for the more sensitive total-energy calcu-
lations to 10.5, corresponding to a dimension of about 230 in
solving the secular equation. The Brillouin-zone summations
over the valence states in the LAPW LDA and GGA were
performed with three equally spaced sets of k points: 55,
285, and 819 k points for the bcc, and 89, 505, and 1469 k
points for the fcc in the irreducible 1

48 of the respective Bril-
louin zones. We used such a dense k-point mesh to ensure
that the small differences in total energy between bcc, fcc,
and hcp were determined accurately. In Table I we present
the energetic difference between fcc and bcc for the three
different k-point meshes, solidifying the bcc structure as the
ground state. For the simple cubic structure we used a mesh
of 969 k points and found the total energy to be approxi-
mately 30 mRy above that of the bcc. Therefore it was not
necessary to pursue a k-point convergence test for this struc-
ture.

We also checked the number of points in the logarithmic
radial mesh and found that while a grid of 435 points was
adequate for the LDA calculations, a 900-point grid was nec-
essary for the GGA calculations to obtain with precision the
derivative of the charge density near the nucleus.

Our LAPW total energy results were fitted to a third order
polynomial using the Birch fit technique,7 which yielded the

equilibrium lattice parameter and the bulk modulus which is
found from the second derivative of the total energy,

B = V
d2E

dV2 . �1�

Additionally, we noted a point of intersection between the
bcc and fcc energy curves and therefore plotted the enthalpy
as a function of volume in order to check the phase transition
from bcc to fcc under pressure.

B. Elastic constants

To study the mechanical stability of a cubic material, in
addition to the bulk modulus, evaluation of the three inde-
pendent elastic constants, C11, C12, and C44, is needed. We
summarize here the method developed in depth by Mehl and
co-workers.7,8 This is accomplished by applying appropriate
strains to the crystal lattice. To determine the difference
C11−C12, an orthorhombic strain e was applied in order to
obtain the strained energy E in the following way:

E = E0 + V�C11 − C12�e2 + O�e4� , �2�

where E0 is the undistorted energy and V is the volume of the
unit cell, which remains constant through the shear process.
Similarly, the C44 elastic constant was calculated using

E = E0 +
1

2
VC44e

2 + O�e4� �3�

using a volume-conserved orthorhombic strain e. The strain
energies, E, were calculated using the above equations with
1729 and 1720 k points for bcc C11−C12 and C44, respec-
tively, and with 2457 and 2329 k points for fcc C11−C12 and
C44, respectively. The tetragonal shear modulus, C11−C12,
was calculated from the slope of the graph of E vs e2 from
Eq. �2�. The elastic constants C11 and C12 themselves were
then determined by combining the tetragonal shear modulus
obtained from Eq. �2� with the expression for the bulk modu-
lus,

TABLE I. Calculated lattice constants and bulk moduli of bcc and fcc Radium and the corresponding
energy differences between the two structures. �Note: LAPW GGA FINAL refers to the calculations done
with 819 bcc and 1469 fcc k points, RKmax increased to 10.5, and a denser radial mesh of 900 points in the
muffin-tin sphere.�

Method

bcc fcc

�E=Efcc−Ebcc

�Ry�

Lattice
constant a

�bohr�

Bulk
modulus B

�GPa�

Lattice
constant a

�bohr�

Bulk
modulus B

�GPa�

MT-APW LDA 55/89 9.11 11.59 −1.1�10−2

LAPW LDA 55/89 9.35 10.18 11.79 8.95 −7.0�10−5

LAPW LDA 285/505 9.37 9.46 11.80 9.28 −5.0�10−5

LAPW GGA 55/89 9.81 8.00 12.45 7.21 1.9�10−3

LAPW GGA 285/505 9.86 7.57 12.45 7.23 8.0�10−5

LAPW GGA 819/1469 9.86 7.45 12.45 7.29 7.0�10−5

LAPW GGA FINAL 9.82 7.57 12.41 7.25 9.0�10−5

Expt. 9.73a

aReference 17.
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B =
1

3
�C11 + 2C12� . �4�

Using the elastic constants C11, C12, and C44 obtained
from Eqs. �2�–�4�, Young’s modulus for this solid was calcu-
lated using the formula9

E =
9BG

3B + G
, �5�

where B is the bulk modulus and G is the shear modulus,
which cannot be calculated exactly. As such, an estimate was
obtained using the Reuss �1929� modulus9 and the Voigt
�1928� modulus,9 which are given by the following relations,
respectively:

GR =
5�C11 − C12�C44

4C44 + 3�C11 − C12�
, �6�

GV =
C11 − C12 + 3C44

5
. �7�

The Reuss modulus and the Voigt modulus place lower
and upper bounds on the shear modulus, respectively, such
that

GR � G � GV. �8�

An average of the two bounds was used as an educated es-
timate for G. This allowed the calculation of Poisson’s ratio,
given by the following equation:

� =
3B − E

6B
. �9�

In order to determine the ductility of ground-state bcc ra-
dium, the Pugh10 criterion was calculated via the following
formula:

p =
B

G
. �10�

The material is ductile if p�1.75 and brittle if p�1.75.
The conditions that the bulk modulus, B, the tetragonal shear
modulus, C11−C12, and the shear elastic constant, C44, must
all be greater than zero, were tested in order to determine the
mechanical stability of bcc radium.11

C. Energy bands and densities of states

In the course of our study and from previous experience
we realized that since only one band is occupied in this ma-
terial the shape of the bands, the resulting Fermi surface, and
the shape of the DOS are not sensitive to the k-point mesh
used. Therefore, the energy band and density of states dia-
grams we present in this work were generated by our MT-

APW code using 285 bcc and 505 fcc k points in the irreduc-
ible Brillouin zone. This choice is also consistent with the
scattering theory of the rigid muffin-tin approximation that
requires touching MT spheres as discussed in the next sec-
tion. The tetrahedron method was employed to calculate the
DOS for bcc and fcc radium from our converged self-

consistent scalar-relativistic eigenvalues providing both the
total DOS as well as the angular-momentum components of
the DOS. In addition, we repeated our calculations by includ-
ing the spin-orbit interaction, as will be discussed in Sec. III.

D. Superconductivity

From the density of states results at the Fermi level, we
calculate, from first principles, the electron-phonon coupling
constant, �, and the superconducting transition temperature,
Tc. Using McMillan’s strong-coupling theory,12 we obtain
the electron-phonon coupling constant from the following
formula:

� =
�

M�	2�
, �11�

where M is the atomic mass, � is the Hopfield parameter13

calculated with the rigid-muffin-tin-approximation
�RMTA�,14 N�
F� is the total density of states at the Fermi
level, 
F, and �	2� is the square of the average phonon fre-
quency. The Hopfield parameter is calculated from

� = N�
F��I2� �12�

using the RMTA introduced by Gaspari and Gyorffy.14 �I2� is
the square of the electron-ion matrix element at 
F and is
given by

�I2� =

F

�2N2�
F��l

2�l + 1�sin2��l+1 − �l�NlNl+1

Nl
�1�Nl+1

�1� , �13�

where �l are scattering phase shifts calculated using the self-
consistent potentials generated by the energy band calcula-
tions at the MT radius of the touching spheres. Nl�
F� is the
lth component of the DOS per spin, and Nl

�1� is the free-
scatterer DOS found from the radial wave functions.15

The LAPW total-energy results were used to determine
the bulk modulus as a function of volume. These values were
then used, along with the Wigner Seitz radius, to calculate
the Debye temperature of the material using the following
relation proposed by Moruzzi et al.:16

D = 131.6�r0B

M
, �14�

where r0 is the equilibrium Wigner-Seitz radius in atomic
units �a.u.� and B is the bulk modulus in GPa. This equation
was then combined with the Debye-type approximation,

�	2� =
1

2
D

2 , �15�

to approximate the average phonon frequency from the vol-
ume variation in the bulk modulus. With the aforementioned
information, the McMillan equation12 gives the superconduc-
tivity transition temperature,

Tc =
�	�
1.2

exp	 − 1.04�1 + ��
� − ���1 + 0.62��
 , �16�

where �� is the Coulomb pseudopotential, which was was set
to 0.13 in the aforementioned calculations. The effects of
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varying this parameter between 0.10 and 0.16 were studied
and were found not to be significant. For simplicity, in the
calculation of Tc, the prefactor �	� was taken to be the
square root of that given by Eq. �15�.

III. RESULTS

A. Total energies

The results of the total energy calculations including equi-
librium lattice parameters, bulk modulus, and elastic con-
stants are shown in Table I. These results were obtained us-
ing a third-order Birch fit to the LAPW data. The LDA
results incorrectly predict the fcc structure as the ground
state and underestimate the measured lattice parameter of
Weigel and Trinkl17 by 5%–6% for both the MT and the full
potential LAPW calculations. On the other hand the GGA
results produce a lattice constant to within 1% from experi-
ment and in addition show the ground state to be the bcc
structure as shown in Fig. 1.

As discussed in our methodology section we checked very
carefully the convergence of our calculations with respect to
an increasing density of the k-point mesh. The fit to the LDA
results gives fcc as the ground state by an extremely small
energy difference. Because of the minuscule difference be-
tween the bcc and fcc total energies, the LAPW LDA was
repeated with a denser k-point mesh of 285 and 505 for bcc
and fcc, respectively. The fit still showed fcc as the preferred
structure, but with an even smaller energy difference be-
tween bcc and fcc. The LAPW GGA total-energy results for
the bcc and fcc structures were plotted as functions of vol-
ume with 55 and 89 k points, respectively, using a third-order
Birch fit and predicted bcc as the ground state by a difference
of about 2 mRy. The results for the denser k point meshes
�285 bcc, 505 fcc, 969 sc and 819 bcc, 1469 fcc�, carried out
for verification that the bcc is indeed the preferred state veri-
fied the results from the first set of k points. The sc energy is
significantly greater �about 30 mRy greater� than that of the
bcc and of the fcc, so it is not shown. A final set of calcula-
tions was performed, however, with 819 bcc and 1469 fcc k
points, RKmax increased to 10.5, and a denser radial mesh.

These calculations included the hcp structure, which often
competes with the bcc and fcc under pressure. The hcp, how-
ever, was found never to be the preferred structure in this
material, as shown in Fig. 1. It achieves its ground state at
a=8.73 bohr, c=14.40 bohr and, at equilibrium, it is not
preferred over either the bcc or fcc. Under pressure, it
achieves a lower energy than the fcc but is still not preferred
to the bcc structure. Eventually, the hcp energy becomes
lower than that of the bcc, but by this time, the fcc has
become the preferred state, with an energy lower than both
of the other two. The final run gave bcc as the preferred
structure yet again, this time by an even larger energy differ-
ence. All the GGA results give bcc as the preferred equilib-
rium structure, in agreement with experiment.17 Furthermore,
the calculated GGA bcc equilibrium lattice parameter is in
excellent agreement with experiment, overestimating by less
than 1% the value obtained by Weigel and Trinkl. Further-
more, using the common tangent of the bcc and fcc curves
seen in Fig. 1 or equivalently by calculating the enthalpy

H = E + PV . �17�

we confirmed a phase transition from bcc to fcc at a pressure
of about 2.0 GPa.

B. Elastic constants

The GGA strain energies for the bcc and fcc structures,
calculated at equilibrium and subsequently used in Eqs. �2�
and �3� were plotted as functions of the square of the applied
strain. These results were used to determine the tetragonal
shear modulus, C11−C12, from Eq. �2� and the shear elastic
constant, C44, from Eq. �3�. The former result was then com-
bined with the expression for the bulk modulus, Eq. �4�, and
the bulk modulus value at equilibrium, to determine C11 and
C12 themselves. The tetragonal shear modulus, the shear
elastic constant, and the bulk modulus were all found to be
greater than zero, which verified the mechanical stability of
the bcc structure at equilibrium, as predicted by the total-
energy results. From the calculated elastic constants, Young’s
modulus and Poisson’s ratio were calculated to further ex-
plore the mechanical properties of radium. The predicted
elastic constants and bulk modulus of radium have small
values similar to those of the other alkaline earth metals, as
demonstrated in Table II, consistent with the high compress-
ibility of these materials. Furthermore, we notice that the bcc
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FIG. 1. �Color online� Radium GGA total energy third-order
Birch fit for the bcc, fcc, and hcp structures.

TABLE II. Calculated and experimental elastic constants of the
cubic alkaline earth metals.

Structure
C11−C12

�GPa�
C11

�GPa�
C12

�GPa�
C44

�GPa�
B0

�GPa�

Calciuma fcc 4 16 12 8 15

Strontiuma fcc 9 15 6 10 12

Bariumb bcc 2 9 7 13 10

Radiumc bcc 2.64 9.33 6.69 10.28 7.57

aExperiment from Ref. 18.
bTight-binding from Ref. 19.
cLAPW results from our calculations.
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bulk modulus follows the decreasing trend established by
the lighter rare earth metals. The values obtained for
Young’s modulus, Poisson’s ratio, and the shear modulus
for this material were 11.75, 0.24, and 4.73, respectively.
The value obtained for the B /G was 1.60�1.75, indicating
that bcc radium is brittle, according to the Pugh ductility
criterion.

C. Densities of states

The total and angular-momentum-decomposed densities
of states for the bcc and fcc structures are shown in Fig. 2 at
ambient conditions, at slightly negative pressure, and at large
positive pressure. The bcc and fcc structures exhibit substan-
tial differences in the DOS behavior at ambient and ex-
panded lattice conditions, with the most striking difference
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FIG. 2. �Color online� Total densities of states for bcc and fcc Radium under ambient conditions, in the expanded lattice, and under high
pressure. The vertical, dash-dotted line designates the Fermi level with respect to the muffin-tin zero.
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being that for the fcc, N�
F��0, indicating semimetallic be-
havior. Under pressure, the strong peak in the DOS just
above the Fermi level in both the bcc and fcc cases results
from an increase in contribution from d states, primarily the
t2g. In the bcc structure, the t2g contribution at 
F falls
greatly, causing a similar fall in N�
F� until another increase
in d character, this time as a result of a significant increase in
the eg contribution. In the fcc, too, the behavior of N�
�
imitates that of t2g, though neither decreases significantly un-
til an energy of about 0.4 Ry, at which point both drop sud-
denly. However, the subsequent increase in the contribution

from eg states, as seen in the bcc structure, then takes effect,
increasing N�
�. Comparing with the other alkaline earth
metals, we note that this semimetallic behavior is absent in
barium, whose ground state is the bcc structure but manifests
itself in strontium as well, where fcc is the preferred
structure.20 The two structures show somewhat similar over-
all DOS under high pressure but differ radically in their
N�
F�. While in the bcc structure, N�
F� decreases by a factor
of about 3 under pressure, the opposite is the case for the fcc,
where we witness a strong peak in N�
F�, leading to a richer
Fermi surface, at an energy just below the Fermi level pri-
marily because of spikes in the contributions of d-like com-
ponents, t2g and eg. This added d character contributes
greatly to the predicted superconducting properties in the fcc
structure under pressure. The values of the DOS at 
F are
given in Table IV.

D. Band structure

The band structures of the bcc and fcc structures at ambi-
ent conditions, in the expanded lattice, and under pressure
are shown in Fig. 3. Because the total energy of the material
is determined primarily from the densities of states below the
Fermi level, and because the DOS in this range is dominated
by s states, we may safely assume spin-orbit effects to be
negligible at equilibrium and at modest pressures despite the
high atomic number of this material. In Sec. III E, we dem-
onstrate in detail that spin-orbit effects are important only

TABLE III. Spin-orbit band splittings in fcc radium at ambient
conditions and under significant pressure. The numbers in parenthe-
ses indicate the degeneracies.

Lattice
�bohr�

Symmetry
direction

Energy
�Ry�

Spin-orbit energies
�Ry�

12.4 �25� 0.38247 �3� 0.37721 �2�
0.39096

L3 0.37011 �2� 0.36276

0.37693

9.2 �25� 0.87465 �3� 0.90183 �2�
0.92369

L3 0.83546 �2� 0.85446

0.87638

TABLE IV. Fermi level with respect to the muffin-tin zero, total and angular- momentum-decomposed densities of states, Hopfield
parameter, �, electron-phonon coupling, �, and superconducting temperature, Tc.

Lattice
�bohr�

Pressure
�GPa� 
F

Ntot

�states/Ry�
s

�states/Ry�
p

�states/Ry�
d

�states/Ry�
f

�states/Ry�
Eta
� eV

A2 � Lambda
Tc

�K�

bcc

10.2 −0.701 0.212 13.704 1.311 0.991 6.551 0.225 0.145 0.379 0.042

9.8 0.054 0.244 13.595 1.391 0.928 6.378 0.261 0.241 0.420 0.116

9.4 1.255 0.283 13.737 1.410 0.935 6.332 0.298 0.373 0.451 0.221

9.0 3.112 0.330 14.554 1.540 0.974 6.616 0.349 0.628 0.542 0.674

8.6 5.928 0.389 11.510 1.105 0.871 5.122 0.292 0.750 0.471 0.393

8.2 10.127 0.460 7.945 0.731 0.546 3.597 0.256 1.044 0.487 0.548

7.8 16.288 0.550 6.142 0.591 0.471 2.636 0.248 1.197 0.424 0.275

7.4 25.133 0.666 5.381 0.475 0.428 2.253 0.302 1.588 0.441 0.402

fcc

12.8 −0.532 0.218 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

12.4 0.091 0.241 5.921 0.270 0.455 3.523 0.087 0.094 0.173 0.000

12.0 0.951 0.269 11.390 0.748 0.826 6.555 0.215 0.269 0.377 0.056

11.6 2.113 0.301 12.859 0.940 0.830 7.347 0.299 0.435 0.476 0.318

11.2 3.645 0.338 14.931 1.261 0.887 8.308 0.438 0.725 0.633 1.215

10.8 5.615 0.382 14.722 1.240 0.835 8.077 0.523 1.033 0.733 2.105

10.4 8.066 0.433 14.383 1.208 0.800 7.726 0.620 1.449 0.856 3.359

10.0 10.967 0.494 13.426 1.148 0.729 6.757 0.901 1.971 1.002 4.921

9.6 14.111 0.566 13.423 1.229 0.743 6.340 1.142 2.579 1.186 6.739

9.2 16.901 0.655 20.444 1.338 1.498 9.698 1.605 3.392 1.544 9.288
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above 
F. We note that in the expanded fcc lattice, the Fermi
level does not cross any of the bands, but it is tangent at the
symmetry point X and goes through a crossing in the Q di-
rection, thus confirming the semimetallic behavior predicted
by the DOS results at this lattice parameter. The band struc-
ture of fcc radium at ambient conditions is quite similar to
that of strontium.20 The Fermi level just barely crosses at X
and just misses the crossing at Q, resulting in the very low
N�
F� found in the DOS results. At higher pressures, how-
ever, we see that the upward shifting of the bands and Fermi

level results in the latter’s crossing many bands, creating a
much larger N�
F�. Specifically, the Fermi level crosses at
least one band in every symmetry direction in the Brillouin
zone except � and there exists an electron hole in the �
direction.

For the energy bands of the bcc structure we note a clear
metallic behavior unlike the semimetal features shown in the
fcc lattice. The band structure of bcc for this material is
almost identical for the expanded and equilibrium lattices.
Furthermore, the band structure at equilibrium resembles that
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FIG. 3. Band structure of radium.
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of Barium very closely.20 At high pressures, however, the
upward shifting of the bands and Fermi level, 
F, bring about
the same change as observed in the fcc lattice, namely, the
crossing of many more bands by 
F and, therefore, an in-
creased N�
F� at high pressure. We observe that the Fermi
level crosses at least one band in every symmetry direction
in the Brillouin zone except � and that there exists a hole
pocket in the � direction. Similarly to the fcc structure we
notice increased d-state character near 
F, which results in
an increase in the electron-phonon coupling discussed in
Sec. III F.

E. Spin-orbit interaction and effects

Below 
F, both at ambient conditions and under moderate
pressures, the densities of states consist almost entirely of s
states, and spin-orbit couplings can therefore be neglected.
Under significant pressure, however, it is evident that d states
dominate the DOS. As a result, we explored the effects of the
spin-orbit interaction in radium. The differences under ambi-
ent conditions and at low pressures were entirely negligible.
Higher pressures gave rise to discernible differences, but be-
low the Fermi level, these differences were still quite small,
never exceeding 10%. Above the Fermi level, there were
much more significant changes to the DOS and band struc-

ture, with several band splittings taking place. These proper-
ties, however, do not affect the parameters for superconduc-
tivity, which depend only on states at the Fermi level, and we
therefore neglect spin-orbit effects in the next section. In Fig.
4, we compare energy bands with spin-orbit included versus
the bands without spin orbit. It is clear that the differences
show above 
F. In more detail, we show in Table III how the
energies at the high symmetry points �25� and L3 split.

F. Superconductivity

Using the results obtained from our total-energy and
density-of-states calculations, we determined the necessary
inputs into the McMillan equations to calculate the supercon-
ducting transition temperatures at different volumes/
pressures for the bcc and fcc structures. Since the transition
from bcc to fcc occurs at a relatively lower pressure of about
2.0 GPa, we will be concerned with only the fcc structure for
most of the prediction of superconducting properties and
present only those results graphically. From the Moruzzi
formula,16 we obtained a Debye temperature of about 53 K at
equilibrium, and we made our predictions for the supercon-
ductivity transition temperature of radium using the Debye
temperature corresponding to each lattice constant as given
by this formula. The bulk modulus B, average phonon fre-
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FIG. 4. Band structure of fcc radium at ambient conditions �left� and under significant pressure �right� with and without spin-orbit
effects.
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quency, �	�, density of states at the Fermi level, N�
F�,
Hopfield parameter, �, electron-phonon coupling, �, and su-
perconductivity transition temperature, Tc, are shown as
functions of pressure in Figs. 5 and 6, respectively, using the
expression for �	� given by Eq. �15�. Furthermore, the
angular-momentum-decomposed densities of states are
shown in Table IV.

In the bcc structure, the combination of the decreasing
total density of states at the Fermi level and the relatively
modest increase in � combine to keep a fairly constant �
throughout the pressure range, resulting in only very low Tc
values �Fig. 7�. Therefore, the bcc structure, even if it were
to remain the preferred structure, would not superconduct.

In the fcc structure, which is the preferred structure at
pressures of about 2 GPa and above, we notice a different
behavior of the parameters. Although �	� increases, N�
F�
increases very rapidly, causing � and � both to increase very
rapidly, resulting in a similar increase in Tc. In this pressure
range, � drives Tc. From 4 GPa to about 14 GPa, N�
F�
suddenly stops its fast increase and even decreases, causing
� to increase slightly less quickly than before. Meanwhile,
the rate of increase in �	� decreases, but the net result is a
slower increase in � and, subsequently, in Tc. Finally, from

14 to 16.9 GPa, �	� levels off almost entirely, but N�
F�
ceases to decrease and we witness a rapid increase in �, a
behavior mimicked by � and Tc, culminating in a supercon-
ducitivity transition temperature of about 9.3 K at a pressure
of about 16.9 GPa. We note that � increases monotonically
throughout the pressure range. It is important to realize, how-
ever, that originally, it increases as a result of the increase in
N�
F� with higher pressure. The plateau �and even decrease�
in N�
F� occurs at high pressures, at which point the
electron-ion matrix element, �I2�, which was previously con-
stant, begins to increase. This comes about as a result of the
substantial d and f character present in the DOS at the Fermi
level under high pressures, as seen in the DOS and bands and
in Table IV because the d-like and f-like states are in large
part responsible for the magnitude of �I2�.

It is therefore evident that the variation in Tc as a result of
the changes in the input parameters to the McMillan equa-
tions, Eqs. �11� and �16�, cannot be summed up by any
simple, monotonic relationship with respect to any one of its
parameters. From Eq. �11�, it is clear that � increases with
increase in � and decreases with increase in �	�. However,
both � and �	� increase with pressure and it is the relative
percent increases that determine the overall change in the
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FIG. 5. �Color online� N�
F� and �	� of fcc radium functions of pressure.
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electron-phonon coupling, which appears in the exponent of
Tc. Furthermore, �	� appears in the numerator of Tc, where it
impacts Tc differently than when it indirectly impacts Tc via
its relationship with �. The multiple behaviors of Tc under
pressure demonstrate this complex relationship. The interde-
pendence of these parameters yields significantly different
effects on Tc in different pressure ranges, as we have ob-
served in radium. Finally, it should be mentioned that cal-
cium, which has the same number of valence electrons as
radium, has likewise been reported22,23 from Shi et al.21 to
superconduct at Tc=15–25 K at pressures over 150 GPa.

IV. CONCLUSIONS

In conclusion, there exists no theoretical and extremely
minimal experimental previous work on the electronic struc-
ture and related properties of radium. We have performed, to
our knowledge, the first set of electronic structure calcula-
tions for this material. Specifically, we studied the following:
the total energies and equilibrium lattice parameters for the

sc, bcc, fcc, and hcp structures; the elastic constants for bcc
and fcc at equilibrium conditions; the densities of states for
the bcc and fcc structures; the band structure for the bcc and
fcc structures; the superconducting properties for the bcc and
fcc structures at high pressures. We conclude that our LAPW
GGA calculations predict the correct equilibrium structure
give the equilibrium lattice constant in extremely close
agreement with experiment, whereas the LAPW LDA under-
estimate the equilibrium lattice constant and incorrectly give
fcc as the ground state structure �albeit by a very small mar-
gin�. This results from the fact that the LDA is more suited
for the transition metals because their electronic structures
are dominated by the localized d electrons. We have further-
more explored the DOS and band structure of both bcc and
fcc radium and have found results consistent with those
known for other alkaline earth metals. Finally, we have stud-
ied, in depth, the superconducting properties of radium under
pressure and have predicted a superconductivity transition
temperature of about 9.3 K at a pressure of about 16.9 GPa
in the fcc structure, following a phase transition from bcc to
fcc at a pressure of about 2.0 GPa. We checked the effects of
spin-orbit interactions and concluded that these effects are
negligible below and at the Fermi level but significant well
above it. We take the correct predictions of the ground-state
structure and lattice constant as signs of the accuracy of the
method and calculation, and an expanded application of DFT
to this heavy element, in an area of the periodic table where
DFT is often believed to fall short, and we believe that they
lend credibility to the remainder of the results. In future
work, we will apply the tight-binding method to this material
in order to use it as a step to molecular dynamics simula-
tions. We also plan to explore transitions under pressure to
other crystal structures.
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