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Influence of pressure on the Fermi surface of niobium
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The effects of pressure on selected de Haas —van Alphen frequencies in niobium have

been measured. The frequency shifts, including a relatively large negative shift for the

jungle-gym arms, can be explained by a model which uses a Slater-Koster interpolation of
augmented-plane-wave Xa bands which had been calculated for two lattice spacings.

I. INTRODUCTION

Niobium has the highest transition temperature
for an elemental metal and thus is considered a
technologically significant material. Since super-
conductivity depends in part upon the distribution
of electrons, it is important to establish a reliable
model for the electronic structure of niobium.

Previously we carried out augmented-plane-wave
(APW) calculations and de Haas —van Alphen
(dHvA) experiments to determine the band struc-
ture of niobium and the effect of pressure on the
Fermi surface. (This reference will be referred to
as I.)' The Arst band-structure calculations for Nb
were carried out by Mattheiss. His results, in gen-
eral, are still accepted. Since then there have been
additional investigations of niobium which have

helped to clarify the earlier experiments and the re-

lationship between the electronic structure of niobi-

um and its other physical properties.
%e have now obtained additional experimental

results from our dHvA measurements of niobium.

A striking disagreement between the previously cal-
culated' and currently observed pressure derivatives
for a prominent sheet of the Fermi surface has been
corrected by our new calculations. In the present
work we have compared our measurements with
APW calculations for both the normal lattice spac-
ing and a 1/o reduced spacing. %e have learned
that an accurate interpolation of the APW energies
is necessary in order to make reliable comparisons
with Fermi-surface data. A Slater-Koster interpo-

lation scheme, discussed in Sec. IV, was used for
this purpose.

II. EXPERIMENTAL TECHNIQUES

%e have obtained the changes in dHvA frequen-
cies with pressure using the standard field modula-

tion techniqu. The measurements were carried at
temperatures between 1.2 and 4 K in both a 55
kOe superconducting solenoid and a 100 kOe split
coil. The changes of dHvA frequencies with pres-
sure were determined mainly by the solid-helium-

phase-shift technique. The sample was contained
in a beryllium-copper pressure vessel and the pres-
sure was transmitted to the sample by means of
solid helium. A few dHvA cycles were measured
at fixed pressure; then the pressure was changed
and the same dHvA cycles were remeasured to
determine the shift of phase. In order to change
the pressure, the vessel was raised in the cryostat
to allow the solid helium to melt. While the heli-

um was fluid, the pressure was varied and then the
helium was resolidified by lowering the pressure
vessel in the cryostat. Pressures up to 5 kbar were
used in this study. The magnetic field settings
were reproduced by measuring the magnetoresis-
tance of the pickup coil.

The samples were [100] and [111]axis single
crystals about 3 mm in diameter and 8 mm long
with typical resistivity ratios of about 7000. Be-
fore use in the 55 kOe solenoid the samples were
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etched slightly with a mixture of 20 vol% HF, 50
vol % HN03 and 30 vol % H20 Fof use in the
100 kOe magnet the samples were etched down to
about 0.7 mm diameter and a length of about 2

III. EXPERIMENTAL RESULTS

In order to describe our results on niobium we
will refer to the calculations of Mattheiss for the
Fermi-surface notation and use the nomenclature of
Karim et al. for the experimental frequencies.
The Fermi surface consists of pieces in two bands.
The v oscillations refer to the third-band ellip-
soidal-like hole pockets at S. The a oscillations
are considered to result from the arms of the
jungle-gym-like I -centered third-band surface.
The second-band hole octahedron produces oscilla-
tions labeled y which are difHcult to see because of

I
the large cyclotron mass of the carriers. The oscil-
lations q correspond to another portion of the jun-
gle gym near the symmetry point H. The low-

frequency P oscillations, observed only for magnet-

ic field orientations near [100],have been some-

thing of a puzzle and will be discussed later.
In Table I experimental values for pressure

derivatives of selected extremal cross sections of
the Fermi surface are shown. The cross-sectional
areas of the hole ellipsoids at N (v oscillations)
change almost uniformly with pressure at a rate of
about 0.1% kbar. This is about three times the
compressibility scaling prediction of 2/3Kr. (The
compressibility ET 5.78——X10 kbar ' at 4 K.)
The jungle-gym arm extremal cross section, normal
to [100],decreases significantly with pressure in
contradiction to the prediction in I. (This value
was obtained not only with the solid-helium-
phase-shift technique but also by counting dHvA
cycles at atmospheric and 4 kbar pressure. )

We were unable to observe sufficiently clean sig-
nals from the hole octahedron at our lowest tem-
peratures and highest fields, 1.2 K and 100 kOe,
for measurement of the pressure dependence. One
large cross section of the jungle gym, centered at H
and normal to [111],was studied, but, because
slight irreproducible tilting occurred as the pres-
sure was changed, we were able to put only an

TABLE I. Selected extremal cross sections of the Fermi surface and their pressure deriva-

tives.

Normal Orbit I' (MG)
Expt. ' Calc.

m /mo
Expt. ' Calc.

dlnA/dP (10 ' kbar ')
Expt. Calc.

[001] V1,2 66.94
85.3
14.45

104.6

73.5
99.4
9.0

76.0

1.94
1.96
1.5
4.8

0.79
1.06
0.36
2.1

0.9+0.1
1.0+0.1

—1.5+0.2

0.65
0.74

—1.3
—1.2

V1,3,4

V2, 5,6

q(H)
y2"

67.42
84.9

194.2
86.71

74.4
98.3

190
63.7

{42.6)
[87.4]
30.6

1.41
2.17
2.7

-5.5

3.8

0.75
1.06
1.3
2.5

(2.5)
[o 7]
1.5

1.0+0.1

g 0.1

0.61
0.71
0.13

—1.1
(—2.8)

( —0.5)
—3.0

V1

V2

V1

69.5
79.7
90.10
78.23

76.8
84.6

104.4
54.9

1.57
1.58
2.03

0.74
0.77
0.96
1.9

0.64
0.30
0.82

—1.6

"Karim et al. (Ref. 3).
The yz oscillations have been attributed to a I -centered orbit on the jungle gym. The cal-

culations have been made for this orbit. A noncentral orbit on the second-band hole oc-
tahedron is another possibility for y2. Calculations for this orbit are enclosed in parentheses.
A third possibility is a complicated noncentral orbit around the third-band jungle gym. Cal-
culations for this orbit are enclosed in brackets.
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upper limit on the pressure derivative for this fre-
quency as indicated in Table I.

We also looked at the P's but were unable to ob-

tain reproducible measurements of the change of
phase with pressure. These P's were found to be
shifted approximately 90' on the lock-in amplifier
relative to the phase of the other dHvA com-
ponents. In addition, the amplitude of the P oscil-
lations decreased with pressure. (At 1 kbar the
amplitude was about half that at atmospheric pres-
sure. ) It was suggested that the P oscillations are
due to quantum interference oscillations and our
observations support this. Quantum interference
oscillations are expected to be sensitive to orienta-
tion. Therefore, the decrease in amplitude with

pressure may be a result of a very slight amount of
sample tilting.

IV. CALCULATION

Boyer et al." have carried out self-consistent,
nonrelativistic AP% calculations using the X ex-

change approximation' for the normal lattice con-
stant ap =3.3066 A, and for a 1% reduced spac-

ing, ' a =0.99ap ——3.2735 A. Although the Kohn-
Sham form of exchange gave better agreement with
Fermi-surface measurements in niobium, "we de-

cided to use these La energies because they were
available for two lattice spacings. %e expected the
X calculations to give, at least, reasonable predic-
tions for trends in the pressure derivatives.

The AP% calculations were made on a 55 k-
point mesh in 1/48 of the Brillouin zone. The
Slater-Koster (SK) interpolation scheme was used
to fit the AP% energies. Our SK fit used an
orthonormal basis set of one s, three p, and five d
functions; consequently, our nonsymmetrized
tight-binding Hamiltonian was a 9)(9. As adju-
stable parameters we used 44 three-center interac-
tion integrals that included all first, second, and
third neighbors. The parameters were determined

by a nonlinear least-squares procedure. Symmetry
was used to reduce the size of the secular equation
at each k point resulting from the 9X9 Hamiltoni-
an. The APW energies of the lowest six bands on
a uniform grid of 14 k points in the irreducible
wedge (1/48) of the body-centered-cubic zone were
fitted. In addition from a 55 k-point grid we in-

cluded those k points along the symmetry lines, 5,
A, D, 6, and I' for the lowest six bands. In order
to obtain SK parameters that reflected the correct
wave-function character, we also included in the fit

energies from higher bands, seven through nine, at
the symmetry points, I, H, N, and I'. Since we
wanted the best fit near the Fermi energy, those
energies within approximately 0.1 Ry of the Fermi
energy were weighted six times the minimum

weight, for example, the weight of a I
&

state. The
total number of AP% energies that was fitted was
250. The rms deviations of our SK energies (six
bands at 55 k points) was about 0.0045 Ry. For
bands two and three the rms deviations were less
than 0.003 Ry. This was significantly better than
the rms error for six bands of 0.0075 Ry that was
achieved by Boyer et al." using an SK interpola-
tion with only 31 parameters. In Table II the SK
parameters for both the normal and 1% reduced
lattice spacings are presented in the standard SK
notation.

Using these SK parameters, we diagonalized the
SK Hamiltonian for 1785 k points in the irreduci-
ble wedge of the Brillouin zone. The tetrahedron
method' of integration was then used in order to
determine the density of states and the Fermi ener-

gy. Once the Fermi energy had been determined,
cross-sectional areas of the Fermi surface were cal-
culated with high precision by using the tetra-
hedron method for interpolation.

At this point it may, be useful to comment about
the appropriate SK mesh size for a reliable deter-
mination of Fermi-surface cross sections. Initially

we attempted to use the tetrahedron method to in-

terpolate directly from the 55 first-principles
points. The results were clearly unsatisfactory.
The surface obtained was not smooth and we were
unable to carry out meaningful calculations of the
jungle-gym cross sections in order to find an ex-
tremal area. Therefore, we used SK interpolation
to increase the number of k points from 55 to 285.
Although considerable improvement was obtained,
discontinuities remained. Increasing the SK inter-
polated points to 506 reduced the size of the
discontinuities, but acceptable results were pro-
duced only with 1785 points. The results we are
reporting here were obtained with this last mesh.

The results for cross sections of the Fermi sur-
face are quite similar to those of I. In Fig. 1 the
jungle-gym arm cross section as a function of the
perpendicular distance from I toward H is give'n

for both the normal and 1% reduced lattice spac-
ing. %e have converted all our calculated areas A

in angstrom to frequencies I' in megagauss by
means of the relation,

F(MG) =-A(A )(1.04728&& 102) .
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TABLE II. Slater-Koster parameters for Nb. The entries are in rydbergs and the notation follows that of Ref. 6
with the abbreviation d~ =x —y and dq

—=3z —r .

SK
parameters

ap 0.99ap ap 0 99ao SK
parameters

ap 0.99ap

On site Second neighbor Third neighbor

E„(000)
E„„(000)
E (000)

Ed g (000)

E„(ala)
E,,„(111)
E,„y(aaa)
E„'.(aaa)
E„y(111)
E„„(111)
E„~{111)
E„d (111)

E„y„y{111)
E„y (111)

E„yd (111)

Ed g (111)

1.2155
1.5348
0.7909

First neighbor
-o.aaa3
—0.0663

0.0561
0.0831
0.0384

0.0424

0.0489
—0.0223

—0.0226
—0.0356

1.2964
1.5969
0.8218

0.7729

—0.1144
—0.0649

0.0537
0.0847
0.0406

0.0412

0.0513
—0.0202

—0.0239
—0.0372

0.0295 0.0312

—0.0166 —0.0181

E„(200)
E...(2oo)
E d (002)

E „{200)

E,„(2oo)
E„„y{020)
E, d {002)

E„y„y(200)

Ed d (002)

Ed g (002)

—0.0205
—0.0841

0.0351

0.1940

—0.0018
—0.0038

0.0757

0.0059
0.0003

—0.0569

0.0036

—0.0210
—0.0994

0.0437

0.2039
—0.0066
—0.0081

0.0812

0.0067
—0.0016
—0.0602

0.0048

E„(220)
E„(220)
E, y(220)

E, d (220)

E„,„(220)
E„„(022)
E„y(220)

E„„y(220)
E„„y(022)
E„(O22)
E, d (022)

E„y„y(220)
E„y„y(022)

E y„,(022)
E~d (220)

Ed d (220)

Eg d (220)

0.0040
—0.0010
—0.0029

0.0081
0.0034
0.0093

0.0018
—0.0004
—O.ODO8

0.0050

0.0008
0.0014

0.0001
—0.0044

0.0050
—0.0055

0.0019
—0.0025
—0.0052

0.0056

0.0102
—0.0002

0.0114

0.0026
—0.0039
—0.0008

0.0027

0.0017
0.0020

0.0009
—0.0044

0.0047

—0.0041

50

40—

30—

20—

IO—

0 I I I I I I

0 O. l 0.2 0.3 0.4 0.5 06 0.7
Distance from I" toward H (units of 2II/a)

FIG. 1. Calculated cross-sectional areas (in frequency
units) of the jungle-gym arms normal to [100]. The axis
of the abscissa is the perpendicular distance from I to
the cross section. Results for the normal lattice spacing
{ap) are given by the solid curve. The dashed curve
represents the reduced spacing (0.99ap).

From Fig. 1 we observe that the extremal area,
at a distance of about 0.31 (2m/a) from I', de-

creases with pressure. The calculated pressure
derivative (Table I) is in excellent agreement with

the measured change in the dHvA frequency of the
u oscillations with pressure. We also see, however,
that our graphical interpolation in I could have
been in error since at about 0.4 (2n /a) the curves

corresponding to the two lattice spacings cross.
Thus even the sign of the pressure derivative could
be affected by an error in determining the position
of the minimum cross section.

For the hole "ellipsoids" at X the calculations fit
quite well the general shape as shown by the varia-
tion of extremal cross section (or dHvA frequency)
with orientation in Fig. 2. For example, there is a
minimum frequency at about 30 from [100] in a
(110) plane, which agrees with the experimental
results. The calculated magnitudes of the frequen-
cies are larger than the experimental values by
about 10%, however. The calculated pressure
derivatives given in Table I are somewhat smaller
than the measured results although when one takes
into account the uncertainties in the calculation
and the experimental errors, the agreement is
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0 IQ 20 50 40 50 60 70 80 90
[ooi] Angle from [ool] [ I lo]

FIG. 2. Orientation dependence of the cross-sectional
areas (in frequency units) of the third-band hole ellip-

soids. The angle of the normal from [001] is given by
the axis of the abscissa. a, experimental values; 5, calcu-
lated for the normal lattice spacing ao,' c, calculated for
0.99ao.

reasonable.

The best fit to the dHvA frequencies, approxi-
mately a 2% difference, was found for the jungle-

gym cross section centered at H and normal to
[111]. The calculated value for the pressure
derivative is small but slightly larger than the

upper limit predicted by our experiment. Again in

view of the uncertainties in the calculation the
agreement is satisfactory. The fact that the portion
of the jungle gym near 0 is relatively insensitive to
pressure can also be seen from the (100) sections in

Fig. 1. We have presented some additional calcu-
lated pressure derivatives of cross-sectional areas
(frequencies) in Table I although we have no exper-
imental values for them at this time.

We have improved and expanded upon our pre-
liminary measurements' of derivatives of dHvA
frequencies with pressure. We found a large de-
crease in frequency with pressure for the jungle-
gym arms (a oscillations) although the APW cal-
culations in I predicted an increase. This result as
well as our other measurements has been interpret-
ed with the aid of a Slater-Koster interpolation of
self-consistent APW calculations with the X form
for exchange. ' We found that it was necessary to
use 1785 SK interpolated points in 1/48 of the
Brillouin zone in order to produce a smooth Fermi
surface. Once this was done we were able to obtain
reasonable agreement with the measured pressure
derivatives. The previous discrepancy in the
jungle-gym arm cross section occurred, we believe,
because of the crude graphical interpolation from
only 14 APW points that was used in I and not be-
cause of problems with the APW calculation or the
form of exchange and correlation chosen.
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