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Abstract
We present an interatomic potential for Al, Ni and Ni–Al ordered alloys within the second-moment approximation
of the tight-binding theory. The potential was obtained by ﬁtting to the total energy of these materials computed by
ﬁrst-principles augmented-plane-wave calculations as a function of the volume. The scheme was validated by calculating the bulk modulus and the elastic constants of the pure metals and alloys that were found to be in fair agreement
with the experimental measurements. In addition, we performed molecular-dynamics simulations and we obtained the
thermal expansion coeﬃcient, the temperature dependence of the atomic mean-square displacements and the phonon
density of states of the compounds. Despite the simplicity of the model, we found satisfactory agreement with the
available experimental data.
Ó 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
In recent years there is an increasing interest
in the investigation of the thermodynamic and
structural properties of Ni–Al alloys for high
temperature applications [1]. It is recognized that
ﬁrst-principles calculations and simulations are
superior in studying these properties, but they are
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computationally expensive, so they are restricted
to short time scales and to a few hundred atoms.
For larger systems and longer time scales semiempirical methods, such as the embedded-atom
method (EAM) [2], Finnis–Sinclair potentials [3]
and the second-moment approximation (SMA) to
the tight-binding (TB) model [4–7] are very eﬃcient. In particular the SMA expression of the
total energy is based on a small set of adjustable parameters, which are usually determined by
matching the experimental data [7,8] or ﬁrst-principles results [9–11].
The purpose of this work is to provide a reliable
TB-SMA interatomic potential, which can describe
with satisfactory accuracy the pure metals Al, Ni,
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along with their ordered alloys. Our approach
consists in ﬁtting the total energy expression of the
TB-SMA method to the augmented–plane–wave
(APW) total energy curves of these materials. In
order to check the validity of our parameters, we
calculated the bulk moduli and the elastic constants
of the compounds. Furthermore, we performed
molecular-dynamics (MD) simulations at various
temperatures and we obtained the temperature
dependence of the lattice constants and the atomic
mean-square displacements (MSD). Finally, we
calculated the phonon density of states (DOS) of
metals and alloys and we compared them to the
available experimental results.

2. Computational details
The electronic band structure of Al, paramagnetic Ni (both fcc and bcc structures) and their
alloys NiAl3 , Ni3 Al (L12 structure), NiAl (B2
structure) was calculated self-consistently using the
APW method in the muﬃn-tin approximation [12].
The calculations were scalar relativistic and used
the Hedin–Lundqvist parameterization [13], of the
local density approximation (LDA). We used a
mesh of 89 and 55 k-points in the irreducible
Brillouin zone for the fcc and bcc structures, respectively and 35 k-points for the L12 and B2
structures. The total energy was computed from
JanakÕs expression [14] for six diﬀerent lattice
constants and the resulting volume dependence of
the energy was ﬁtted to a parabolic function [15].
For the sake of simplicity the compound NiAl3
was treated in L12 structure instead of DO11 .
In the TB-SMA model [4–7] the total energy of
the system is written as
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where the ﬁrst sum represents a pair-potential repulsive term and the second sum corresponds to

the band-structure term. In the above expression N
is the total number of atoms, rij is the distance
between atoms i and j of the species a and b, respectively (a, b stand for Al or Ni), and the sum
over j is extended up to ﬁfth neighbors. The parameter r0ab is taken equal to the APW equilibrium
ﬁrst-neighbor distance in the pure metals (a ¼ b)
and to an average value in the alloys (a 6¼ b).
There are 12 adjustable parameters Aab , nab , pab
and qab in this scheme, that describe the interactions of the pure elements and the alloys. These
parameters have been determined by ﬁtting Eq. (1)
to the APW total-energy curves as a function of
the volume for the two metals and the three alloys.
The ﬁts have been performed using the MERLIN
package [16].
The bulk modulus of the metals and alloys was
calculated by using the method proposed in [15].
The elastic constants were calculated at the experimental lattice constants from the diﬀerence in
the total energies of the distorted and undistorted
lattices [17].
In order to validate the model at various temperatures, using the above interatomic potential,
we performed MD simulations for the metals and
alloys in the canonical ensemble. All systems were
made up of 4000 particles arranged on the appropriate lattice structure. The simulation box
contained 20 layers with 200 atoms each and periodic boundary conditions were imposed in space.
The equations of motion were integrated by means
of the Verlet algorithm and a time step of 5 fs. The
system was equilibrated at a desired temperature
during 10 ps, while thermodynamic averages were
computed over 50 ps trajectories. At each temperature, the value of the lattice constant was adjusted to a value resulting from zero pressure in the
system, while the atomic MSDs were determined
from local density proﬁles in the direction normal
to the atomic layers. Finally the phonon DOSs,
were obtained by Fourier transforming the velocity auto-correlation functions.

3. Results and discussion
In Fig. 1, we show the APW calculated cohesive
energies per atom (with opposite sign) of the pure
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Fig. 1. Cohesive energy per atom (with opposite sign) as a function of volume calculated by the APW method for Al, Al3 Ni, NiAl,
Ni3 Al and Ni.

metals Al and Ni (in the fcc and bcc structures)
and their ordered alloys L12 –NiAl3 , B2–NiAl and
L12 –Ni3 Al as a function of the volume. The curves
were uniformly shifted, to match at the minimum
the experimental value of the respective ground
state structure (fcc–Al, fcc–Ni, B2–NiAl, L12 –
Ni3 Al, DO11 –NiAl3 ). The determination of the Al–
Al and Ni–Ni potential parameters of Eq. (1) has
been obtained by ﬁtting to both fcc and bcc respective energy curves of pure metals presented in
Fig. 1, while the cross-potential parameters Al–Ni
have been obtained by simultaneous ﬁtting to the
energy curves of the three ordered alloys. By
adopting this procedure, we assume that the Al–Al
and Ni–Ni interactions in the alloys are the same
as in the respective pure metals. This strategy has
the advantage of providing potentials of good
quality for pure metals.
The obtained 12 potential parameters of the
TB-SMA scheme, along with the theoretical ﬁrstneighbor distances, are listed in Table 1. The
calculated lattice constants at 0 K within the TBSMA scheme, together with the respective experimental values at room temperature [18] of metals
and alloys, are presented in Table 2. In the same
table we provide also the experimental cohesive
energy [19–21] we used for the energy shifts in

Table 1
Potential parameters of equation (1) for Al, Ni and Ni–Al
alloys
)
Interac- nab (eV) Aab (eV) qab
pab
rab (A
0

tion
Al–Al
Ni–Ni
Ni–Al

0.9564
1.4175
1.4677

0.05504
0.07415
0.09493

1.5126
2.2448
3.8507

10.9011
13.8297
10.9486

2.8310
2.4307
2.7424

Table 2
Calculated (calc.) and experimental (expt.) [18] lattice parameters, a, along with the cohesive energies, Ec , for Al, Ni [19] and
their alloys [20,21]
) calc.
) expt.
Compound
a (A
a (A
Ec (eV) expt.
Al
NiAl3
NiAl
Ni3 Al
Ni

3.995
3.854
2.895
3.526
3.421

4.050
–
2.886
3.567
3.523

3.339
4.02
4.50
4.54
4.435

Fig. 1. The diﬀerences between the calculated
lattice parameters and the corresponding experimental values are 1.4%, 0.5%, 1.1% and 2.9% for
Al, NiAl, Ni3 Al and Ni respectively, which are
very small except for Ni. The parameters of Table
1 have been used to calculate the bulk moduli and
elastic constants of the pure metals and alloys. In
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Table 3
Calculated and experimental values of bulk modulus B and elastic constants for Al, Ni [22] and their alloys [22,23]
Compound
Al
NiAl
Ni3 Al
Ni

Calculated (GPa)

Experimental (GPa)

B

C11

C12

C44

B

C11

C12

C44

71
222
232
255

92
261
281
329

61
203
207
218

58
80
96
148

76
158
177
188

107
199
230
261

61
137
150
151

29
116
131
132

The computations were performed within the SMA method.

Table 4
Linear thermal expansion coeﬃcient in temperature range of
(0–600 K) (in 106 K1 )

Table 3, we report these values, along with the
available experimental data [22,23]. Considering
that we did not ﬁt the Cij (as usually done in
atomistic models) the agreement is fairly good,
since the largest deviation is about 40%, with the
exception of C44 for Al.
Furthermore, using the above interatomic potential, we have performed MD simulations at
various temperatures. In Fig. 2, we present the
computed temperature dependence of lattice parameters of the pure metals and the ordered alloys,
from which, we deduce the linear thermal expansion coeﬃcients for these compounds at temperatures (0–600 K). The results are shown in Table 4,
along with the corresponding experimental values
[19,24]. The accuracy of these quantities is very
good. For Al the agreement with the experiment is

Compound

Simulation

Experiment

Al
NiAl3
NiAl
Ni3 Al
Ni

26.3
25.0
17.4
15.9
15.7

23.6
10.8
11.8
12.5

The experimental data are taken from Ref. [19] for Al and Ni
and from Ref. [24] for the alloys.

better than with the previously proposed TB-SMA
model [11]. In the case of Ni3 Al, the accuracy is
comparable to that obtained by ﬁrst-principles
calculations [25] and better than the TB-SMA
potential derived by ﬁtting to several measured
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Fig. 2. Temperature dependence of the lattice parameters of Al, Ni and their alloys. The ﬁlled circles correspond to the results of the
simulations, while the lines are guide to the eye.
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data [8] (a ¼ 19:7  106 K1 ). Generally for NiAl,
we obtain consistent results with recent simulations using an EAM potential [26], derived from
database of experimental and ﬁrst-principles results in many more structures that we used in the
present SMA calculations.
In Fig. 3, we plot the computed atomic MSDs
as a function of temperature for the pure elements
(solid lines) and the ordered alloys (dashed lines).
In the same ﬁgure, we also give the experimental
values for Al [27] from neutron or X-ray scattering
(ﬁlled circles), for Ni [28,29] using X-ray diﬀraction data (open squares and circles, respectively)
and for NiAl using electron diﬀraction [30] or Xray data [31]. We ﬁnd excellent agreement between
the computed MSDs and the experimental values
for Al, while the agreement for Ni is good only at
low temperatures (up to 500 K) and in the case of
NiAl is better at 110 K [30] than at room temperature [31].
In Fig. 4, we present the computed phonon
DOS of Al and Ni at room temperature. In the
insets, we also show the experimental spectra. Our
phonon spectrum for Al is in excellent agreement
with the experimental one, deduced from neutron
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scattering [32]. Concerning Ni, our model overestimates the maximum frequency and the positions
of the two main peaks, by about 1 THz, compared
to the experimental measurements using neutron
scattering [33]. This may be due to our neglecting
the ferromagnetism in our calculations.
In Fig. 5, we present the calculated phonon
DOS of the ordered alloys NiAl and Ni3 Al at 300
K. In the insets, we also show the experimental
spectra. Comparing the computed phonon spectrum of NiAl to one obtained by neutron scattering [34], we observe reasonable agreement for
the maximum frequency, the position of the peaks
and the presence of the gap. Nevertheless, our
DOS shape is smooth and without the sharp experimental discontinuities, since the computations
have been done at room temperature. Furthermore, our phonon spectrum is in fair agreement
with the one computed by MD simulations within
the EAM potential [35]. In the case of Ni3 Al, we
note that the present phonon DOS compares well
to the experimental one [36], except for a shift of 1
THz toward higher frequencies in the right part of
the spectrum that was also found by ﬁrst-principles calculation (LDA) [25] (shown in the inset). In
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Fig. 3. Mean-square displacements for Al, NiAl, Ni3 Al and Ni. The lines correspond to simulation results. The ﬁlled circles are experimental data for Al [27], the open squares and circles indicate the experimental values for Ni [28,29], respectively, while the ﬁlled
triangles are the experimental data for NiAl [30,31].
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Fig. 4. Phonon DOS (in arbitrary units) of Al and Ni at 300 K. In the insets we show the respective measured spectra [32,33].

addition, the present results are in better agreement with the experimental values than previous
TB-SMA computations [8], based on ﬁtting to
several experimental data.

4. Conclusion
We presented an interatomic potential of Al,
Ni and Ni–Al ordered alloys within the SMA of

the TB theory by adjusting the parameters of
the energy functional to the ﬁrst-principles totalenergy calculations as a function of the volume.
This scheme was applied to calculate the equilibrium lattice constants, the bulk moduli and
elastic constants of pure metals and ordered alloys. Our results are generally in good agreement
with the experimental values. Furthermore, we
used this potential to perform MD simulations,
whence we deduced the temperature dependence
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Fig. 5. Phonon DOS (in arbitrary units) of NiAl and Ni3 Al at 300 K. In the insets we show the respective experimental spectra [34,36],
as well as the DOS of Ni3 Al from LDA calculations [25].

of the lattice constants and the atomic MSD as
well as the phonon DOS at room temperature.
Our results appear to reproduce the measured
data better than the standard SMA models constructed by ﬁtting to experimental quantities. The
advantage of the present model is that, despite its
simplicity, not only it describes the pure metals
well, but also their ordered alloys and therefore

can be useful by providing reliable results in longscale simulations.
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